The exterior transmission eigenvalue problem arises naturally when one considers the scattering of point sources situated in a cavity by the penetrable nonabsorbable boundary of the cavity. Here we show that for constant index of refraction the exterior transmission eigenvalues form a discrete set and for the case of a spherically stratified medium the eigenvalues (both real and complex) uniquely determine the index of refraction.
Introduction
The transmission eigenvalue problem plays a central role in the qualitative approach to inverse scattering theory [2] and has been the subject matter of an increasing amount of research in the past few years, as exemplified by the recent special issue [7] . The transmission eigenvalue problem can be divided into two cases, the isotropic case [6, 10] and the anisotropic case [2, 6] , each of which requires different mathematical tools for its investigation. Within each of these two cases there are in turn two different problems to consider, the interior transmission eigenvalue problem and the exterior transmission eigenvalue problem. The first of these has by far been the most extensively studied and arises naturally in the scattering of incident plane waves by a bounded nonabsorbing media [10] . On the other hand, the exterior transmission problem is of much more recent origin [4, 11] and arises when point sources are used as incident fields and measurements are made inside a container bounded by a nonabsorbing media. It is this latter problem that is the subject matter of this paper.
The mathematical study of the transmission eigenvalue problem is based on establishing three different results: (1) the discreteness of transmission eigenvalues, (2) the existence of transmission eigenvalues and (3) the relationship between transmission eigenvalues and the index of refraction of the scattering obstacle. Each of these results is nontrivial to establish since the transmission eigenvalue problem is not self-adjoint. However, for the case of the interior transmission eigenvalue problem, the problem can be reduced to a study of self-adjoint problem (see [1, 5] ) and this makes the interior problem considerably easier to study than the corresponding exterior problem. Indeed, all three of the above research topics have been extensively studied for the interior problem whereas for the corresponding exterior problem only two results are available: (1) the discreteness of transmission eigenvalues in the case of anisotropic media [4] and (2) a solution of the inverse spectral problem for the case of a spherically stratified isotropic media [11] . The purpose of this paper is to provide a modest contribution to our understanding of the exterior transmission eigenvalue problem for isotropic media.
The first problem that we will consider in this paper is to show that for the exterior transmission problem with constant index of refraction the set of eigenvalues forms a discrete set. (The technique used to establish this can be generalized to include the case when the index of refraction is no longer constant but the calculations needed to do this are beyond the scope of this paper and for details we refer the reader to the PhD thesis of Meng [17] .) The second problem that we will consider is the inverse spectral problem for a spherically stratified media. We will show that, subject to appropriate a priori information, the exterior transmission eigenvalues uniquely determine the spherically stratified index of refraction. Here we will base our analysis on the use of transformation operators as previously used to obtain the corresponding result for the interior transmission eigenvalue problem for spherically stratified media [3] . Note however that in the present case we will need to use a different class of transformation operators than those used in [3] . We note that the above inverse spectral problem was previously considered in [11] where only the eigenvalues corresponding to axially symmetric eigenfunctions were considered. In this case it was necessary to use eigenvalues corresponding to nonphysical incident fields in order to establish our inverse spectral theorem whereas by considering all the eigenvalues we can now avoid the problem of nonphysical incident fields. It remains an open question if the eigenvalues corresponding to eigenfunctions associated with a finite number of spherical harmonics are sufficient to uniquely determine the index of refraction.
The exterior transmission eigenvalue problem
Let  ∈ D 3 be a simply connected bounded region of  3 with C 2 boundary ∂D and let ν be the unit outward normal to ∂D. Let  = ∈ ⧹ n n x x D ( ), 3 , denote the refractive index and assume that n is piecewise continuous in  ⧹D
, where B R is a ball of radius R centered at the origin and containing D in its interior. It is further assumed that n x ( ) is real valued and ⩾ > n x n ( ) 0 0 for some positive constant n 0 . Then the exterior transmission eigenvalue problem is to find such that . Values of
0, for which there exists a nontrivial solution to (2.1)-(2.6) are called exterior transmission eigenvalues [4, 11] . Such values of k are of interest since it can be shown that under appropriate assumptions the near field operator associated with the direct scattering problem for a cavity is injective with dense range if k is not an exterior transmission eigenvalue (see theorem 5.1 of [4] ). This in return implies that (real) eigenvalues can be determined from the measured scattering data and hence potentially be used to obtain information about the index of refraction n(x) (see section 6.6 of [2] ). Complex eigenvalues can also exist and at this time it is not clear how these eigenvalues can be measured from the scattering data. As stated in the introduction, our first aim is to show that for a constant index of refraction not equal to one the transmission eigenvalues form a discrete set.
We now assume that
, is a constant and D 1 is a bounded simply connected region containing D in its interior and having C 2 boundary ∂D 1 with unit outward normal ν.
Let 
for ψ in an appropriate function space and Σ is the C 2 boundary of a bounded simply connected domain  Ω ∈ 3 . Then from [13] we have the following lemma where H s denotes a Sobolev space. . Then the mappings
are bounded and the following jump relations hold
where ± denotes the limit as
and Ω respectively.
are continuous.
We now proceed to derive an integral formulation of the exterior transmission eigenvalue problem for the case when
. To this end, let Γ be a C 2 simple closed curve that does not intersect Σ and define
, defined in an analogous way. Recalling that at this point we are assuming that
and note that for functions
are well defined, recalling again that ∂D is in class C 2 (see the proof of theorem 3.1 in [13] ). Now let w v , be a solution of the exterior transmission eigenvalue problem (2.1)-(2.6) for = = n x n n ( ) , 1 1 1 , and define Then by Greenʼs theorem as in [13] we have that
Similarly, we have that
We now have from the jump relations of lemma 2.1, the boundary conditions (2.3), (2.4) and the continuity of w and its normal derivative across
Now define
Then (2.7) and (2.8) yields the following integral equation formulation of the exterior transmission eigenvalue problem for constant index of refraction
1
is invertible with bounded inverse.
Proof. To show invertibility, assume on the contrary that there exists ψ φ = ( , ) (0, 0) in
such that
If we define
then from lemma 2.1 we have that The above transmission problem has only the trivial solution [14] and hence w = 0 in  ⧹D and hence from [14] we have that v = 0 in  ⧹D 1 is injective. The boundedness of the inverse follows by considering the nonhomogenous equation
and defining w and v as above. We then have that w v , satisfies a uniquely solvable transmission problem which is equivalent to an invertible system of integral equations (see section 4.1.1 of [13] ). The boundedness of . Then there exists a nontrivial solution
to the exterior transmission eigenvalue problem (2.1)-(2.6) for = n x n ( ) 1 if and only if there exists ψ φ = ( , ) (0, 0) in
such that (2.11) holds.
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Proof. The above discussion shows that if there exists a nontrivial solution
to (2.1)-(2.6) for = n x n ( ) 1 then w v , satisfies (2.1) and (2.2) for = n x n ( ) 1 and (2.9) is satisfied. From the jump relations of lemma 2.1 and (2.9) we have that
and hence w v , satisfy (2.1)-(2.6). By regularity we have that
(see [13] ). It now only remains to show that w v , are not trivial. However, if = = w v 0 in  ⧹D 
Hence w v , is a solution of the interior transmission eigenvalue problem and since k is not an interior transmission eigenvalue we have that = = w v 0 in D. This now implies from (2.13) that φ ψ = = 0 which is a contradiction to our assumption that φ ψ = ( , ) (0, 0). □
We now need two properties of
that were obtained in [13] . is coercive.
is Fredholm of index zero and analytic for   ∈ ⧹ − k .
Lemma 2.5 now implies the following theorem. Proof. Since
1 , by Lemma (2.5) it suffice to show that □ Our next step is to show that F i k ( | |) is injective for = k 0. We will deduce this from the following more general result. Theorem 2.3. Assume that for the exterior transmission eigenvalue problem − n 1 does not change sign. Then there do not exist any pure imaginary exterior transmission eigenvalues.
Proof. Suppose that ik, > k 0, is an exterior transmission eigenvalue. Then there exists such that . Then
and hence
Multiplying (2.14) by u and integrating by parts gives Letting → ∞ R and noting that u and w decay exponentially now gives
If − > n 1 0, we now see that u = 0 in  ⧹D 3 and hence = = w v 0 in  ⧹D
3
. In a similar fashion, if − < n 1 0 we can derive
And again conclude that
is injective with a bounded inverse.
Proof. The injectivity follows from theorem 2.1 , theorem 2.3 and the fact that there do not exist purely imaginary interior transmission eigenvalues [12] . The fact that F i k ( | |) has a bounded inverse follows from theorem 2.3. □
We can now establish our desired result on the discreteness of exterior transmission eigenvalues (if they exist). , where n 1 is a constant. Then the set of exterior transmission eigenvalues forms a discrete set.
Proof. We can write F(k) in the form
where
and
is boundedly invertible by lemma 2.4 and
is compact we can apply corollary 2.3 and the analytic Fredholm theorem [10] to conclude the proof. □
The inverse spectral problem for spherically stratified media
The exterior transmission eigenvalue problem for an isotropic spherically stratified media in
such that 
We now look for a solution of (3.7) such that y r ( ) and can be represented in the form (see [8, 15] ) We now note that the asymptotic behavior of w ℓ1 and w ℓ2 can be obtained by a simple integration by parts in (3.12) and (3. n a n b n a n b : ( ( )) ( ( )) ( ( )) ( ( )) . In particular, if = = n a n b ( ) 1, ( ) 1 and either = n a n b ( ) ( ) or = n a n b ( ) ( ) 1 there exist an infinite number of real transmission eigenvalues since in this case either = c 0 1 or = c 0 2 but cannot both be zero since = = n a n b ( ) 1, ( ) 1. We now assume that n a n b ( ), ( ) are known a priori and are such that = = n a n b ( ) 1, ( ) 1 and either = n a n b ( ) ( ) or = n a n b ( ) ( ) 1. Our aim is to show that under these conditions a knowledge of all the exterior transmission eigenvalues (both real and complex) uniquely determine n(r) (note that since = = n a n b ( ) 1, ( ) 1, it follows from (3.14) that D k ( ) ℓ is not identically zero). We begin by introducing a transformation operator analogous to (3.12) and (3.13) for the equation (3.11) but now for solutions of the equation (3.7). To this end, let = − m r n r ( ) : 1 ( ) and note that = m r ( ) 0 for > r b. Then if y ℓ is a solution of (3.7) satisfying (3.10), we have from [9, 10] to the case of general isotropic inhomogeneous media and to quantify what information can be obtained from a knowledge of only a finite number of (real) transmission eigenvalues. It would also be important mathematically to show that transmission eigenvalues exist for nonspherically stratified media.
